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Toward O( log (1/ε)/ε) Computational Complexity
for PL Functions in Decentralized Stochastic

Optimization With Communication Noise
Soham Mukherjee and Mrityunjoy Chakraborty , Senior Member, IEEE

Abstract—A decentralized stochastic optimization
problem is considered, in which a network of nodes collab-
orate over noisy communication links to minimize a global
objective function. Recently, the authors in Mukherjee
and Chakraborty (2025) incorporated a skipping technique
in the Noisy Consensus + Stochastic Gradient Descent
(SGD) framework to address this problem, and showed
that their proposed skipping technique helps improve the
O(1/ε3) computational complexity obtained in previous
works to O(1/ε2) under a general smoothness assumption.
In this letter, we consider the algorithm proposed in
Mukherjee and Chakraborty (2025) to show how the
computational complexity can be further improved to
O(log(1/ε)/ε) when the Polyak-Lojasiewicz (PL) condition
is satisfied in addition to the smoothness assumption.
The obtained O(log(1/ε)/ε) rate in the current work is
also an Improvement over the O(1/ε2) rate obtained in
previous works under the strong-convexity assumption
(which is known to be stricter than the PL condition),
and matches the �(1/ε) lower bound for the number
of stochastic gradient computations for the considered
problem class up to an extra log(1/ε) factor. Last but not
least, the O(log(1/ε)/ε) computational cost is achieved
while retaining the O(log2(1/ε)/ε2) rate for the number of
iterations and communication rounds, which is at par with
the results obtained in previous works which consider
strong-convexity, up to logarithmic factors. A numerical
experiment is conducted corroborate theoretical results.

Index Terms—Stochastic optimization, decentralized
optimization, communication noise, PL condition.

I. INTRODUCTION

WE CONSIDER a decentralized optimization problem,
where a group of m nodes, connected over a graph,

seek to minimize a global objective function f (x) =
(1/m)

∑m
i=1 fi(x), with fi being known exclusively to node

i in the network, by performing local stochastic gradient
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computations and sharing relevant information with their
neighbours in the graph. The communication between nodes is
assumed to be corrupted by zero-mean and bounded variance
communication noise, which often arises in practical problems
in various contexts like channel noise ([1], [2], [3], [4], [5]),
noise added for privacy preservation ([6], [7], [8]) quantiza-
tion noise due to the use of certain types of unbiased quantizers
([9], [10], [11]), to name a few.

Several recent works such as [3], [4], [5], [6], [7], [8], [9],
[10], [11] have tried to address this problem by building upon
the Noisy Consensus + (Stochastic) Gradient Descent (SGD)
framework, owing to its simplicity, ease of implementation
and widespread use. However, a common observation in all
of these works is that the computational complexity incurred
by the proposed algorithms is higher than the computational
complexity that can be achieved by the centralized (Stochastic)
Gradient Descent algorithm (i.e., the m = 1 case where there is
only a single node in the network, and thus no communication
noise). This issue was identified and addressed in [1] for
the general class of smooth (and potentially non-convex)
functions, where the authors showed how the computational
complexity can be improved to match the computational
complexity of the centralized (Stochastic) Gradient Descent
algorithm by randomly choosing to skip the stochastic gradient
computation step across iterations, with an appropriately tuned
value for the probability of skipping. This then naturally
raises the question of whether this skipping technique can
be employed to achieve similar reductions in computational
complexity when more structural assumptions are satisfied.

For this letter, we consider a class of functions which,
in addition to the smoothness assumption, satisfy the
Polyak-Lojasiewicz (PL) condition. PL functions have drawn
significant attention over the last few years, more so with
recent research such as [12], [13] suggesting that the loss
landscapes in many neural network training problems satisfy
the PL condition or related variants. In this letter, we show
that under the PL condition, one can obtain a O(log(1/ε)/ε)

rate for the number of stochastic gradient computations.
Since the PL condition covers strong-convexity (see [14]), the
above rate also applies to strongly-convex functions, where
previous works operating in the noisy communication setting
(such as [4], [9], [10], [11]) obtained a O(1/ε2) rate. This
means that the O(log(1/ε)/ε) rate obtained in this letter is
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a significant improvement from O(1/ε2) for strongly-convex
functions, obtained by incorporating the skipping technique
in the Noisy Consensus + SGD framework. Furthermore, as
the PL condition is more general than strong-convexity, the
current work expands the scope of the problem setting by
relaxing the strong-convexity assumption and replacing it with
the less restrictive PL condition. We also note that the obtained
O(log(1/ε)/ε) rate for the number of stochastic gradient com-
putations in the current work is near-optimal, in the sense that
it matches the �(1/ε) lower-bound obtained in [15] up to an
extra log factor. Additionally, this reduction in computational
complexity is achieved without making any sacrifice in the
overall number of iterations and the number of communication
rounds, both of which scale as O(log2(1/ε)/ε2), and are at
par with corresponding bounds obtained in the aforementioned
previous works [4], [9], [10] and [11], up to log factors.

Finally, our obtained O(log(1/ε)/ε) and O(log2(1/ε)/ε2)

rates for the number of stochastic gradient computations
and the number of iterations/communications rounds directly
improve over the O(1/ε2) and O(1/ε3) rates obtained in [1],
which considers only the smoothness assumption without the
PL condition, thus showing how the structure conferred to the
problem by the PL condition helps us to obtain faster rates.

Notation. We use 1p and 0p to represent the p-dimensional
vector of all 1s and 0s respectively. Ip is used to represent the
p × p identity matrix. || · ||F represents the Frobenius norm
for matrices and || · || represents the 2-norm for vectors. We
use Bernoulli(p) to represent a Bernoulli distribution which
switches between 1 and 0 with probability p and 1 − p
respectively. For any two p × q matrices A, B, we use A ≥ B
iff Aij ≥ Bij for all i ∈ {1, . . . , p}, j ∈ {1, . . . , q}. We use
standard big-O (O) and big-Omega (�) notations while stating
complexity results in terms of relevant parameters.

II. PROBLEM DESCRIPTION AND ALGORITHM OVERVIEW

We consider a network of m nodes connected over an undi-
rected graph G = (V, E), where V = {1, . . . , m} represents the
set of nodes in the network and E represents the set of edges
connecting the nodes. The nodes perform local computations
and exchange relevant information to minimize the following
global objective function

f (x) = 1

m

m∑

i=1

fi(x), (1)

such that fi : Rd → R is accessible exclusively to node i in
the network. Specifically, we consider a setting where given
a point xi(t) ∈ Rd at time t, node i can compute a stochastic
gradient gi(xi(t)), which satisfies the following conditions.

E
[
gi(xi(t))|xi(t)

] = ∇fi(xi(t)), (2a)

E
[
||gi(xi(t)) − ∇fi(xi(t))||2|xi(t)

]
≤ σ 2

g . (2b)

Eqs. (2a)-(2b) are standard unbiased-ness and bounded
variance assumptions which are common in decentralized
stochastic optimization literature.

We make the following assumptions about the local com-
ponent functions fi and the global objective function f .

Assumption 1: The local objective functions fi are L-
smooth, i.e., for all x, y ∈ Rd and for each i ∈ V , we have

fi(y) ≤ fi(x) + 〈∇fi(x), y − x〉 + L

2
||y − x||2. (3)

This assumption implies the local gradients ∇fi(·) are
L-Lipschitz continuous meaning ||∇fi(x)−∇fi(y)|| ≤ L||x−y||
holds for all x, y ∈ Rd and for each i ∈ V .

Assumption 2: The global objective function f is lower
bounded by f ∗, i.e., f (x) ≥ f ∗ for all x ∈ Rd. Furthermore,
the set of points for which the lower bound f ∗ is attained, i.e.,
S∗ = {x ∈ Rd : f (x) = f ∗}, is non-empty.

Assumption 3: The global objective function f satisfies the
PL condition for some μ > 0, i.e., for all x ∈ Rd, we have

||∇f (x)||2 ≥ 2μ
(
f (x) − f ∗). (4)

Assumption 4: For all x ∈ S∗, the network average of the
gradient disagreements is upper-bounded by σ 2

S∗ for some
constant σS∗ ≥ 0, i.e., for all x ∈ S∗, we have

1

m

m∑

i=1

||∇fi(x) − ∇f (x)||2 ≤ σ 2
S∗ . (5)

We formalize our assumption about the graph G below.
Assumption 5: The graph G is an undirected and connected

graph, with a doubly-stochastic weight matrix W ∈ Rm×m

associated with it, which satisfies Wij ≥ 0 for all i, j ∈ V ,
Wii > 0 for all i ∈ V , Wij > 0 if and only if (i, j) ∈ E, and
Wij = Wji for all i, j ∈ V .

This assumption implies that for any x ∈ Rm, the contraction
||Wx − 1mx|| ≤ ω||x − 1mx|| holds, where x = (1/m)1T

mx
represents the network average and ω < 1 is the spectral norm
of the matrix W − (1/m)1m1T

m.
We use Ni = {j : Wij > 0, j �= i} to denote the neighbours of

node i in the graph G. When node i wishes to share a quantity
xi(t) ∈ Rd with a neighbouring node j ∈ Ni at time t, node j
receives a noise-corrupted version of xi(t) given by

x̃ij(t) = xi(t) + nij(t), (6)

where nij(t) ∈ Rd is the noise introduced in the communication
link connecting node i to node j. We make the following
assumption about the communication noise.

Assumption 6: The noise vector nij(t) ∈ Rd satisfies

E
[
nij(t)|xi(t)

] = 0d, (7a)

E
[
||nij(t)||2|xi(t)

]
≤ σ 2

c , (7b)

for some σc > 0.
Assumption 6 encompasses a variety of noise sources

including but not limited to channel noise (see [1], [2], [3], [4],
[5]), noise added for privacy preservation (see [6], [7], [8]) and
quantization noise due to the use of certain types of unbiased
quantizers (see [9], [10], [11]).

We now briefly review the algorithm proposed in [1], which
is summarized in Algorithm 1 for completeness, with the
variables used in Algorithm 1 summarized in Table I.

Step 4 in Algorithm 1 is the standard Noisy Consensus +
SGD step, with hi(t) used as an estimate for the local gradient
and Wij is the weight that node i assigns to the estimate
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Algorithm 1 Noisy Consensus + Stochastic Gradient Descent
With Skipping
Input: K, θ, η, c.
Initialization: For each i ∈ V , initialize xi(0) = 0d.
for t = 0, 1, · · · , K − 1 do

for each i ∈ V do

1. Draw χi(t) ∼ Bernoulli(θ). (8)

2. Set hi(t) =
⎧
⎨

⎩

1

θ
gi(xi(t)) if χi(t) == 1

0d otherwise
(9)

3. Node i sends xi(t) to all j ∈ Ni and receives

x̃ji(t) from all j ∈ Ni.

4. Update xi(t + 1) = xi(t) − ηhi(t)

+c
∑

j∈Ni
Wij

(
x̃ji(t) − xi(t)

)
. (10)

end for
end for

TABLE I
SUMMARY OF VARIABLES IN ALGORITHM 1

received rom node j. We then have the following result about
hi(t) from [1, Lemma 1].

E
[
hi(t)

∣
∣xi(t)

] = ∇fi(xi(t)), (11a)

E
[∣
∣
∣
∣hi(t) − ∇fi(xi(t))

∣
∣
∣
∣2∣∣xi(t)

]

≤ 1

θ
σ 2

g +
(

1

θ
− 1

)

||∇fi(xi(t))||2. (11b)

While the unbiasedness property is retained in (11b), we see
from comparing (11b) and (2b) that hi(t) has significantly
higher variance than gi(xi(t)), with the σ 2

g term scaled up
by a factor of 1/θ followed by addition with the term
(1/θ − 1)||∇fi(xi(t))||2. However, the fact that computation
of the local stochastic gradient gi(xi(t)) is randomly skipped
with probability 1 − θ means that the average computational
cost per iteration is also reduced by a factor of 1/θ . The
presence of these two opposing forces (i.e., higher variance
associated with hi(t) versus lower per-iteration computational
complexity) then raises the following questions: (1) is the
overall computational complexity (i.e., the per-iteration com-
putational complexity times the total number of iterations)
reduced, and (2) is there any detrimental effect on the overall

convergence of the algorithm due to the increased variance of
the gradient estimate hi(t). The result in [1] showed that under
a general smoothness assumption (specifically, Assumption 1
in the current work), the overall computational complexity
can indeed be reduced by such an operation without any
detrimental effect on the overall convergence of the algorithm,
as opposed to the vanilla Noisy Consensus + SGD method,
where the stochastic gradient is computed across all iterations
(i.e., θ is set to 1). We show in the next section that this effect
carries over to the PL setting as well, along with additional
improvements in both the computational and communication
costs as compared to the results obtained in [1].

III. CONVERGENCE ANALYSIS

First, we define the following quantities.

X(t) = [
x1(t), . . . , xm(t)

] ∈ Rd×m,

∇F
(
X(t)

) = [∇f1
(
x1(t)

)
, . . . ,∇fm

(
xm(t)

)] ∈ Rd×m.

We also use x(t) = (1/m)
∑m

i=1 xi(t) to represent the
network average of the nodes’ estimates at time t.

We are now ready to state our result showing the reduction
in complexity for PL functions, which is summarized below.

Theorem 1: Let Assumptions 1–6 hold. Then Algorithm 1
with the parameter choices

η = 16log(K)

μK
, c = m1/4log(K)

K3/4
, θ = mγ

Kτ
, (12)

where γ ∈ R and τ ∈ [0, 1/2] are chosen such that θ ≤ 1,
satisfies the following bound for sufficiently large K

max

{
1

m

m∑

i=1

E
[
f (xi(K)) − f ∗],

1

m

m∑

i=1

E
[||xi(K) − x(K)||2]

}

≤ O

(
1

K2

)
[
f (x(0)) − f ∗] + O

(
log(K)

m1+γ K1−τ

)

σ 2
g

+ O

(
log(K)

m1/2K1/2
+ m1/2log(K)

K3/4
+ log(K)

m3/4+γ K7/4−τ

)

σ 2
c

+ O

(
log(K)

m1+γ K1−τ
+ 1

m1/2K1/2
+ log(K)

m1/2+γ K5/4−τ

)

σ 2
S∗ . (13)

Moreover, for any node i ∈ V , the expected number of
stochastic gradient computations up to time K is given by

K−1∑

s=0

E
[
χi(s)

] = θK = mγ K1−τ . (14)

Proof: We bound the first term in the LHS of (13) as follows

1

m

m∑

i=1

E
[
f (xi(K)) − f ∗]

= 1

m

m∑

i=1

E
[
f (xi(K)) − f (x(K))

] + E
[
f (x(K)) − f ∗]

≤ 1

m

m∑

i=1

E
[〈∇f (x(K)), xi(K) − x(K)〉]
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+ L

2m

m∑

i=1

E
[||xi(K) − x(K)||2] + E

[
f (x(K)) − f ∗]

= L

2m
E
[||X(K) − x(K)1T

m||2F
] + E

[
f (x(K)) − f ∗]. (15)

To bound the E[||X(K) − x(K)1T
m||2F] and E[f (x(K)) − f ∗]

terms, we use the following intermediate results from [1]
([1, Lemmas 3 and 4] respectively), which hold for all times
t ≥ 0.

E
[||X(t + 1) − x(t + 1)1T

m||2F
]

≤ (
1 − (1 − ω)c

)
E
[||X(t) − x(t)1T

m||2F
]

+
(

4η2L2

(1 − ω)c
+ 2η2L2

θ

)

E
[||X(t) − x(t)1T

m||2F
]

+
(

4η2

(1 − ω)c
+ 2η2

θ

)

E
[
||∇F

(
x(t)1T

m

)||2F
]

+η2mσ 2
g

θ
+ mc2σ 2

c , (16)

E
[
f
(
x(t + 1)

)] ≤ E
[
f
(
x(t)

)] − η

2
E
[||∇f

(
x(t)

)||2]

+
(

ηL2 + 2η2L3

2m
+ η2L3

θm2

)

E
[||X(t) − x(t)1T

m||2F
]

+
(

η2L

θm2
+ η2L

m

)

E
[||∇F

(
x(t)1T

m

)||2F
] + η2Lσ 2

g

2mθ
+ c2Lσ 2

c

2m
.

(17)

To further simplify the terms in the RHS of (16) and (17), we
use the fact that since the global objective function f satisfies
the PL condition, it must also satisfy the “Quadratic Growth”
condition, i.e., for all x ∈ Rd, we must have

f (x) − f ∗ ≥ μ

2
||x − xp||2, (18)

where xp is the Euclidean projection of x on S∗. We refer the
interested reader to [14, Th. 2] for a proof of this result. This
then allows us to simplify the ||∇F(x(t)1T

m)||2 term as follows
∣
∣
∣
∣ ∇F

(
x(t)1T

m

)∣
∣
∣
∣2
F

≤ 2
∣
∣
∣
∣∇F

(
x(t)1T

m

) − ∇F
(
x(t)p1T

m

)∣
∣
∣
∣2
F

+2
∣
∣
∣
∣∇F

(
x(t)p1T

m

)∣
∣
∣
∣2
F

≤ 2mL2||x(t) − x(t)p||2 + 2
m∑

i=1

||∇fi
(
x(t)p

)||2

≤ 4mL2

μ

[
f
(
x(t)

) − f ∗] + 2mσ 2
S∗ , (19)

where we have used (18) and (5) in the last inequality and
the fact that the local gradients ∇fi are L-Lipschitz continuous
(i.e., Assumption 1) in the second to last inequality. Using (19)

and the fact that
4η2L2

(1 − ω)c
+ 2η2L2

θ
≤ (1 − ω)c

2
holds from

our step-size choice for sufficiently large K, we can simplify
the RHS in (16) as follows.

E
[||X(t + 1) − x(t + 1)1m||2F

]

≤
(

1 − (1 − ω)c

2

)

E
[||X(t) − x(t)1T

m||2F
]

+L2

μ

(
16η2

(1 − ω)c
+ 8η2

θ

)

mE
[
f
(
x(t)

) − f ∗]

+2

(
4η2

(1 − ω)c
+ 2η2

θ

)

mσ 2
S∗ + η2mσ 2

g

θ
+ mc2σ 2

c . (20)

Similarly, in (17), if we use the inequality in (19) to bound the
terms containing ||∇F(x(t)1T

m)||2 and use the PL condition to
bound the term containing ||∇f (x(t))||2, we get

E
[
f
(
x(t + 1)

) − f ∗]

≤
(

1 − ημ + 4η2L3

θmμ
+ 4η2L3

μ

)

E
[
f
(
x(t)

) − f ∗]

+
(

ηL2 + η2L3

m
+ η2L3

θm2

)

E
[||X(t) − x(t)1T

m||2F
]

+2

(
η2L

θm
+ η2L

)

σ 2
S∗ + η2Lσ 2

g

2mθ
+ c2Lσ 2

c

2m
. (21)

Further, noticing that the conditions
4η2L3

θmμ
+4η2L3

μ
≤ μη

2
and

ηL ≤ θ ≤ 1 hold for our choice of step-sizes for sufficiently
large K, we obtain

E
[
f
(
x(t + 1)

) − f ∗] ≤
(

1 − ημ

2

)

E
[
f
(
x(t)

) − f ∗]

+3ηL2

m
E
[||X(t) − x(t)1T

m||2F
] + 2

(
η2L

θm
+ η2L

)

σ 2
S∗

+η2Lσ 2
g

2mθ
+ c2Lσ 2

c

2m
, (22)

Let us define the vector u(t) ∈ R2 as follows

uT(t) =
[

1

m
E
[
||X(t) − x(t)1T

m||2F
]
,

μ

12L2
E
[
f
(
x(t)

) − f ∗]
]

.

We then have the following matrix inequality

u(t + 1) ≤ Au(t) + b, (23)

where A ∈ R2×2 is given by

A =
⎡

⎢
⎣

1 − (1 − ω)c

2

12L4

μ2

(
16η2

(1 − ω)c
+ 8η2

θ

)

μη

4
1 − ημ

2

⎤

⎥
⎦ (24)

and b ∈ R2 given by

b =

⎡

⎢
⎢
⎢
⎣

2

(
4η2

(1 − ω)c
+ 2η2

θ

)

σ 2
S∗ + η2σ 2

g

θ
+ c2σ 2

c
(

η2μ

6θmL
+ η2μ

6L

)

σ 2
S∗ + η2σ 2

g μ

24θmL
+ c2σ 2

c μ

24mL

⎤

⎥
⎥
⎥
⎦

. (25)

Unrolling the above matrix inequality, we have

||u(K)|| ≤ ||AKu(0) + (
I2 − AK)

(I2 − A)−1b||
≤ ρ(A)K ||u(0)|| + (

1 + ρ(A)K)||(I2 − A)−1b|| (26)

where ρ(A) is the spectral norm of the matrix A. Using some
routine algebraic calculations, it can be shown that we have
following bound for ρ(A) for sufficiently large K.

ρ(A) =
√

λmax
(
ATA

) ≤
√

1 − ημ

4
. (27)
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Then we have

ρ(A)K ≤
(

1 − ημ

4

)K/2

≤ exp

(

− ημK

8

)

. (28)

Noticing that ||X(0) − x(0)1T
m|| = 0 holds from the initializa-

tion condition, we have

||u(0)|| =
(
μ/12L2

)(
f
(
x(0)

) − f ∗). (29)

To bound the second term in (26), we compute the determinant
of I2 − A as follows

det(I2 − A) = (1 − ω)μηc

4
− L4

μ

(
48η3

(1 − ω)c
+ 24η3

θ

)

=⇒ (1 − ω)μηc

8
≤ det(I2 − A) ≤ (1 − ω)μηc

4
,

where the condition
L4

μ
(

48η3

(1 − ω)c
+ 24η3

θ
) ≤ (1 − ω)μηc

8
used in the last inequality holds given our step-size choice for
sufficiently large K. We then have

(I2 − A)−1 = adjoint(I2 − A)/det(I2 − A)

≤

⎡

⎢
⎢
⎣

4

(1 − ω)c
− 48L4

(1 − ω)μ3

(
16η

(1 − ω)c2
+ 8η

θc

)

− 1

(1 − ω)c

4

μη

⎤

⎥
⎥
⎦ (30)

Combining and plugging in the values of η, c and θ from (12)
in (25), (26), (28), (29) and (30), and noting that the RHS
of (15) ≤ (24L2/μ)× LHS of (26), we obtain (13). This
concludes the proof. �

We note that the slowest decaying term in (13) for τ ∈
[0, 1/2] has a log(K)/K1/2 dependence (see the term asso-
ciated with σ 2

c ). However, if we restrict our attention to
the dependence of K in the σ 2

g term in (13), we notice
that the slowest decaying term associated with σ 2

g scales as
log(K)/K1−τ . For no random skipping, i.e., when both τ and
γ are set to zero (so that θ = 1), this turns out to be a
log(K)/K dependence on K. However, even in such case, the
overall convergence rate continues to scale as log(K)/K1/2 (as
determined by the term associated with σ 2

c in (13)). This means
that setting τ = 0 and computing the stochastic gradient across
all iterations would be an overkill and can be avoided. In other
words, we can afford some degradation in the “quality” of
the gradient estimates available to us, i.e., we should be able
to retain the overall convergence rate of log(K)/K1/2 even if
the gradient estimates have higher variance than σ 2

g . As we
already saw in (11b), the variance of the gradient estimate
hi(t) is controlled by the parameter θ , whose value in turn
is controlled through the variable τ . In the following result
we choose the highest possible value of τ to optimize for the
per-iteration computational cost, while still ensuring that we
retain the overall log(K)/K1/2 convergence rate.

Corollary 1: Choosing τ = 1/2 and γ = −1/2 in
Theorem 1 gives the following bound.

1

m

∑m
i=1 E

[
f (xi(K)) − f ∗] ≤ O

(
log(K)

m1/2K1/2
+ m1/2log(K)

K3/4

)

Consequently, for sufficiently small ε, at any given node i ∈ V ,
the number of iterations and the number of stochastic gradient

computations required to compute an ε-accurate solution (i.e.,
to ensure that the LHS in Corollary 1 is no greater than ε) are
respectively given by

Kε ≤ O

(
log2(1/ε)

mε2

)

,

∑Kε−1
s=0 E

[
χi(s)

] = m−1/2K1/2
ε ≤ O

(
log(1/ε)

mε

)

,

thus proving the theoretical claims made in the Introduction
section.

Remark 1: It is to be noted here that Assumption 4 in
the current work requires the network average of the gradient
disagreements to be bounded only at points in the set S∗,
whereas the results obtained in [1] required the gradient
disagreements to be bounded for all x ∈ Rd. Thus, the
inclusion of the PL condition as an additional assumption
in the current work has allowed us to relax the assumption
about bounded gradient disagreements as compared to the
work in [1] which considered only the smoothness assumption
without the PL condition.

Remark 2: Also note that the results obtained in the
current work are applicable in environments with unreliable
computational resources (for e.g., environments witnessing
frequent power outages or having straggler nodes). In such
environments, there are disruptions in the gradient compu-
tation step, resulting in stochastic gradients being computed
successfully with a certain small probability. The result in
Theorem 1 and by extension in Corollary 1 suggest that the
log(K)/K1/2 dependence in the overall convergence rate will
remain unaffected as long as the probability of successful
stochastic gradient computation is above a small threshold
which has a 1/K1/2 dependence on K. This interpretation
from a robustness standpoint (i.e., robustness of the algorithm
against unreliable computational resources) has been explored
in more detail in [1], where the skipping technique was
originally proposed and we refer the interested reader to the
same for a more comprehensive treatment.

IV. NUMERICAL EXPERIMENTS

We consider a set of m = 20 nodes connected over a graph,
such that for each pair of nodes i, j, the probability of an edge
connecting them is 0.75. The network matrix W ∈ R20×20 is
set to W = I20 − (3/4λmax(L))L, where L ∈ R20×20 is the
Laplacian of the graph and λmax(L) is its maximum eigenvalue.

The local component function at node i is chosen in the
d = 1 dimensional space as follows:

fi(x) = pi(x − 3)2 + qisin2(x − 3) + risin(x − 3)

+silog(1 + exp(−(x − 3))) + ti.

Here pi, qi, ri, si and ti are randomly chosen such that∑20
i=1 pi = 1,

∑20
i=1 qi = 3,

∑20
i=1 ri = 0,

∑20
i=1 si = 0 and

∑20
i=1 ti = 0, with some of pi, qi, ri, si and ti taking negative

values. The global objective function f (x) = (1/20)((x −
3)2 + 3sin2(x − 3)) satisfies the PL condition (see [14]). The
communication noise is modeled as zero-mean Gaussian noise
with variance σ 2

c = 0.1.
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Fig. 1. Numerical Experiment Results.

We note that if we substitute θ = 1 in the algorithm, we
get back the Noisy Consensus + (Stochastic) Gradient Descent
algorithm (see for example [4], [9], [10]), which we abbreviate
as NCSGD for brevity. We abbreviate the algorithm presented
in the current work as NCSGD+skip, owing to the random
skipping of the gradient computation step. For NCSGD, we
tune the parameters η and c over the grid {0.1, 0.33, 1, 3.3},
and for NCSGD+skip, we use the tuned values of η and c
from NCSGD and then tune θ over the grid {1, 1/2, 1/3, 1/4}
conditioned on these fixed choices of η and c. The simulation
results are presented in Fig. 1, where each plot is averaged
over 100 runs. In Fig. 1(a), we study the decrease in the loss
function, i.e., the quantity (1/m)

∑m
i=1 f (xi(t)) as a function

of the total number of stochastic gradient computations up to
time t (i.e.,

∑t
s=0

∑m
i=1 χi(s)) and observe that NCSGD+skip

requires significantly fewer stochastic gradient computations
to reach a particular value of the loss function as compared
to NCSGD. In Fig. 1(b), we study the decrease in the afore-
mentioned quantity (1/m)

∑m
i=1 f (xi(t)) as a function of the

number of iterations and see that there is no degradation in
the overall convergence of the algorithm, thus validating our
theoretical result.

V. CONCLUSION AND FUTURE WORK

In this letter, we conducted a performance analysis of the
algorithm proposed in [1] with the additional PL condition
and showed we require only O(log(1/ε)/ε) stochastic gra-
dient computations, which is a significant improvement over
the O(1/ε2) rate obtained in previous works [4], [9], [10]
and [11] that consider the stricter strong-convexity assumption
as opposed to the less restrictive PL condition considered
in this letter. This improvement is achieved while retaining
the O(log2(1/ε)/ε2) rate of [4], [9], [10] and [11] for the
number of iterations and communication rounds, showing that
significant computational reduction is achieved without any
sacrifice in the overall convergence time. In this process, we
also improve upon the O(1/ε2) and O(1/ε3) rates obtained
in [1] for the number of stochastic gradient computations and
number of iterations respectively, which considers only the
smoothness assumption without the PL condition.

In our subsequent research, we wish to investigate the
performance of the skipping technique when Gradient
Tracking ([16], [17]) is introduced in the algorithm, as
Gradient Tracking is typically known to accelerate conver-
gence further by enabling individual nodes to estimate the
global gradient. Another interesting direction that is worth
exploring is that of directed and/or dynamic graphs, where the
benefits of the skipping technique are likely to accrue since it
is a technique which does not depend on graph structure. The
detailed exploration in this regard is left for future research.
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